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In this paper, a framework was presented to obtain the solutions to the fractional vibration equation by
homotopy analysis method (HAM). The fractional derivative is described in modified Riemann-Liouville
derivative. The results reveal that the proposed method is very effective and simple and leads to
accurate, approximately convergent solutions to fractional vibration equation.
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INTRODUCTION

In recent years, analysis of fractional differential
equations, which are obtained from the classical differen-
tial equations in mathematical physics, engineering,
vibration and oscillation by replacing the second order
time derivative by a fractional derivative of order o
satisfying 1 < a < 2, have been a field of growing
interest as evident from literature survey (Momani,
2005a, b; Momani and Ibrahim, 2007; Das, 2008;
Momani et al., 2007; Odibat et al., 2008). Fractional
derivatives provide an excellent instrument for the
description of memory and hereditary properties of
various materials and processes.

Recently, a new modified Riemann-Liouville left
derivative is proposed by Jumarie (1993, 2006).
Comparing with the classical caputo derivative, the
definition of the fractional derivative is not required to
satisfy higher integer-order derivative than « . Secondly,
the « th derivative of a constant is zero. For these merits,
Jumarie modified derivative was successfully applied in
the probability calculus (Jumarie, 2009a) and fractional
Laplace problem (Jumarie, 2009b).

In this paper, the homotopy analysis method (Liao,
2003a, b) was applied to solve the fractional vibration
equation. With the present method, numerical results can
be obtained by using a few iterations. The HAM contains
the auxiliary parameter 7. which provides us with a
simple way to adjust and control the convergence region
of solution series for large value of t (Liao, 2009). Unlike
other numerical methods, it gives low degree of accuracy

for large values of t. Therefore, the HAM handles linear
and inhomogeneous problems without any assumption
and restriction (Hashim et al., 2009; Das and Gupta,
2011).

In this paper, the fractional vibration equation was
considered by using homotopy analysis method. This
fractional vibration equation is obtained by replacing the
second time derivative term in the corresponding
vibration equation by a fractional derivative of order «
with 1 < o < 2. The derivatives are understood in the
modified Riemann-Liouville sense. The general response
expression contains a parameter describing the order of
the fractional derivative that can be varied to obtain
various responses. In the case of «a = 2, the fractional
vibration equation reduces to the standard vibration
equation.

Modified Riemann-Liouville derivative

It is assumed that f:R —> R,x— f(X) denotes a
continuous (but not necessarily differentiable) function
and the partition of h > 0 is in the interval (0, 1). Through

the fractional Riemann Liouville integral, the following
equations are shown:
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The modified Riemann-Liouville derivative is defined as:
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where X €[0,1], n—-1<a <n and n>1.

Jumarie’s derivative is defined through the fractional
difference:

A" = (FW -1)” f(x) :i(—l)k[ijf[x+(a—k)h],
®)

where  FWf(X)=f(x+h). Then the fractional

derivative (Jumarie, 2009a) is defined as the following
limit:
. A (X
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The proposed modified Riemann-Liouville derivative as
shown in equation (2) is strictly equivalent to equation (4).
Meanwhile, this study would introduce some properties of
the fractional modified Riemann-Liouville derivative in
equations (5) and (6):

(a) Fractional Leibniz product law:

s D (uv) =u“v+uv®@

5)
(b) Fractional Leibniz formulation:
12, DEf(x)=f(x)—f(0), O<a<1 ©

Therefore, the integration by part can be used during the
fractional calculus:

a, (a b a a
12Uy = (uv) 12— 12uv @
(c) Integration with respect to (d&)“.

Assuming f(X) denotes a continuous R — R function,
the following quality is used for the integral with respect
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to (d&)*:
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THE HOMOTOPY ANALYSIS METHOD (HAM)

This study considers the following differential equation:
FD[u(x,t)]=0, ©

where FD is a nonlinear operator for this problem, x and t
denote an independent variables, and u(x,t) is an

unknown function.
In the frame of HAM, the following Oth-order
deformation can be constructed:

(L- LU (x t;q)—u,(x,1)) = a7H (x ) FDU (x.t; q)),
(10)

where ( € [O, 1] is the embedding parameter, 7 # 0 is
an auxiliary parameter, H(X,t);tO is an auxiliary
function, L is an auxiliary linear operator, uo(x,t) is an
initial guess of u(x,t), and U(X,t;q) is an unknown

function of the independent variables x,t and qg.
Obviously, when g =0 and q =1, it holds that:

U(x,t;0)=uy(x,t), and U(x,t;1) = u(x,t), respectively
11)

Using the parameter q, U(X,t;q) is expanded in Taylor
series as follows:

o0

U(x,t;q)=uy(xt)+> u, (x,t) g™, (12)
m=1
where: U, :i_amu (t;q)
m 9o"q [g=0

Assuming that the auxiliary linear operator, the initial
guess, the auxiliary parameter % and the auxiliary
function H(X,t) are selected such that the series
(Equation 12) is convergent at (=1, then due to
Equation 12, the following equation is derived:
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u(x,t)=uy(x,t)+ ium(x,t) (13)

m=1

Let us define the vector:

0, (1) = {ug (x,t), Uy (%, t).....u, (x,)}

Differentiating (10) m times with respect to the
embedding parameter g, then setting =0 and finally

dividing them by m!, we have the so-called mth-order
deformation equation:

L[u, (x,t)= z,u, ()] =rH(X, )R, @, ), (14

1 8™FDU(t;q))

where: R (i, )= -1 omq q=0" and
0 m<y,
Am = 1 m>1.

Finally, for the purpose of computation, the HAM solution
(13) will be approximated by the following truncated
series:

Fractional vibration equation

In this study, the fractional calculus version of the

standard vibration equation was considered in one
dimension as:
2 a
1 1
U tu_10U 50 120 1<a<2, (15)

o’ rer ¢ o

which constitute the relation between the radial velocity of
u(r,t) to the fractional time derivative of order ¢ (1 <
a < 2) of u(r,t) and c is the wave velocity of free
vibration. It is easily seen that the whole hierarchy of
moments M, =< rk(t)>
dependence as for the fractional Brownian motion though

their statistical features are quite different. Now taking the
Laplace transform of equation (15), we get:

have the same time

dao 1 du} (16)

A _ A2 R
s“t(r,s)=c {drz +r i

(- LU (r50)-uy(r.0) - qhH(r,t)[azUa(trZ,t:q)

where T(r,s)=L[u(r.t)].

Equation (4) can be written as:

2 a

r%ﬁ(r,s%%u(r’s)_z_zrU(r’S):0’ (0

Taking the series solution of U(r, S) as:

U(r,s)zianr"”,
n=0

a,#0, p is real (18)

This study finally obtain:

— B a2 2a

a(r,s)=A(l+Inr)+—sr +o(s ) (19)
c

where A and B are constants.
Therefore, U (r, t) ~t et (20)

It clearly exhibits the power law decay of u(r,t) with & in
contrast to the stretched exponential decay characteristic
generally seen in fractional Brownian motion.

Solution of the problem by homotopy analysis
method

Here, the application of the homotopy analysis method is
discussed for solving the fractional vibration equation (15)
with the initial conditions:

u(r,0)=r? (21)
0

—u(r,0)=cr, 22
atu(r )=cr (22)

Equation (15) can be written as:

o’u  ,0°*|d0u 1léu
> =C —— >+t——1 (23)

ot ot or- ror

To solve Equations (21) to (23) by homotopy analysis

method, according to (10), the Oth-order deformation can

be given by:

2-a

r

. p(cz s [GZU(r,t;q) +16U(r.t;q)m (24)

or? rooor
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Figure 1. Plot of u(r, t) with respecttorand tat c =5.

@a=1/3, vy a=2/3 ca=1

We can start with an initial approximation of U, (r,t):l
and choose the auxiliary linear operator:

o%u(r.t;
LU te)-TU0LS),
with the property:  L(c, +t.c,)=0

where C;,C, is an integral constant. We also choose the

auxiliary function to be: H (r, t) =1.
Hence, the mth-order deformation can be given by:

Lfuy, (r,t) = 2t 1 (r, O] = 2H (1, DR, (G, 4 (1)

(25)
where
. 2 . 2-a 2 . .
Rm (Um—1): 6 (uml(zrltiq))[cz a - |:a Um71(2r7t'q)+l aUml(r7t1q):|]
ot ore* or r or

(26)

Now the solution of the mth-order deformation equation
(25) for m =1 become:

Up (1, 0) = 22 (R )+ AL R (U, (RO (27)

Consequently, the first few terms of the HAM series
solution for # = —1 are as follows:

u,(r,t)=r?+crt,,

2+
0, (rt)= 2t

CT(+a)
C3ta+l
1t -
)= F LT
CSt2a+1
|t i S~
s (1) r°r'(2a+2)
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Figure 2. Plot of u(r, t) vs.t for different values of & at r =
10 andc=5. ¢: (+) ¢ =13,(—) =2/3, () X =1.

and so on. Hence, the HAM series solution is:

u(r,t)=u,(r,t)+u,(r,t)+u,(r,t)+uy(r,t)+.., (28)

u(r,t)

5¢2a+1
ct
=r’+crt+

4CZta s 03ta+1 . s 9C7t3a+1
[(a+l) rT(a+2) rSF(2a+2) rSF(Ba +2)

Ac’t” c?
=r? +—+crtEa2(—2kt“J,
2r

F(a+1)

K"=[135......(2n-3)] and

where

] tn

E  (I)=) ——— is
wo (V) ;F(na+b)

Leffler function (Mittag-Leffler, 1904).

the generalized Mittag-

NUMERICAL RESULTS AND DISCUSSION

Here, the numerical results of the displacement for
various values of radii of the membrane and time are
presented in Figures 1 and 2. It is observed from Figure 1
that the displacement increases with the increase of both
r and t for the wave velocities c¢=5. It is also seen from
Figure 2 that the displacement rapidly increases with the
increase of t and c both at a fixed value of the radius of
the membrane (r = 10) but decreases with the increase of
the fractional time derivative, which is in complete

agreement with the fact described in “The homotopy
analysis method (HAM)”. The numerical calculations and
figures are made using Maple software (Version 17).

Conclusion

Homotopy analysis method is very powerful in finding the
solutions for various physical, vibration and oscillation
problems. The main interest is to construct a competitive
study of finding numerical solutions to vibration equation.
It is seen that the method used in this study is efficient for
finding the solutions in higher degree of accuracy. This
study’s method is direct and straightforward and it avoids
the volume of calculations. Also, HAM facilitates
computational work for which it gives the required
solution faster when compared with the other methods.
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